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We describe a reciprocity relation between the prime ideal factor-
ization, and related properties, of certain cyclotomic integers of the
type φn(c − ζm) in the cyclotomic ﬁeld of the m-th roots of unity
and that of the symmetrical elements φm(c − ζn) in the cyclotomic
ﬁeld of the n-th roots. Here m and n are two positive integers,
φn is the n-th cyclotomic polynomial, ζm a primitive m-th root of
unity, and c a rational integer. In particular, one of these integers
is a prime element in one cyclotomic ﬁeld if and only if its sym-
metrical counterpart is prime in the other cyclotomic ﬁeld. More
properties are also established for the special class of pairs of cy-
clotomic integers (1 − ζp)q − 1 and (1 − ζq)p − 1, where p and q
are prime numbers.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let m, n denote positive integers, ζn a primitive n-th root of unity in an algebraically closed ﬁeld
containing the rational number ﬁeld Q such that if m | n, then ζm = ζn/mn . The element λn = 1 − ζn
of the cyclotomic ﬁeld Kn = Q(ζn) plays a special role in the sequel. If n is a prime power, λn is
a prime element of the ring On = Z[ζn] of integers of Kn , and if n is divisible by two distinct prime
numbers, λn is a unit of On [W]. In particular if n = p is a prime number, then λp O p is the only
prime ideal of O p above p, and the integral elements 1− λnp (n 1), form a topological basis for the
group of principal units in the λp-adic completion Kˆ p of Kp [H]. Due to this property, the elements
1−λnp are often used to establish explicit expressions for the norm residue symbol (·,·)Kˆ p in the local
ﬁeld Kˆ p , which in turn lead to explicit reciprocity laws for the power residue symbol ( ·· )p,Kp in the
global ﬁeld Kp , via the relation ( αβ )p,Kp (
β
α )
−1
p,Kp
= (β,α)Kˆ p , for relatively prime elements α,β ∈ O p
not divisible by λp and for p  3 [AT]. This justiﬁes the interest in the study of the elements 1−λnp as
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p and q, there is a reciprocal relation, a kind of symmetry, between the factorization of (1−λqp) in Kp
and that of (1−λpq ) in Kq . To generalize this property from Kp to Km , since 1−λqp = ζpφq(λp), one is
lead to consider the elements φn(λm) = φn(1− ζm) or more generally φn(c− ζm), with c ∈ Z, where φn
is the n-th cyclotomic polynomial over Q. A natural starting point is the study of the rational integers
Nm(φn(c − ζm)) and Nm(λnm − 1), where Nm is the norm map in Km|Q. They generalize the Mersenne
numbers 2p − 1 = Np(λ2p − 1) for primes p, and the Fermat numbers 22k + 1 = N2k+1 (λ22k+1 − 1) for
positive integers k. Several identities and relations between such norms are established before turning
to their arithmetical properties, and in particular investigating their prime factors. We thus have
Theorem 1. For any positive integers m, n and any rational number c ∈ Q,
Nm
(
φn(c − ζm)
)= Nn(φm(c − ζn)),
where Nm = NQ(ζm)|Q is the norm map in Q(ζm)|Q and φm is the m-th cyclotomic polynomial, and similarly
for Nn and φn.
In particular, Np(λ
q
p − 1) = Nq(λpq − 1) for any prime numbers p, q. There are several other varia-
tions and extensions of such identities.
On the other hand, Nph (1−λnph ) ≡ 1 (mod p
 n
ϕ(ph )

) for positive integers h, n and prime p, where ϕ
is Euler’s function, and x, for a real number x, is the smallest integer  x. In particular, Np(1−λqp) =
Nq(1− λpq ) ≡ 1 (mod p
q
p−1 q
p
q−1 ) for any distinct odd prime numbers p, q. Another key theorem is
Theorem 2. For any positive integers m, n, and any element x of the ring of integers Om of Km = Q(ζm), if a
prime number l divides the norm Nm(φn(x)) and does not divide mn, then the order fn of l modulo n divides
the order fm of l modulo m.
We deduce from it, among other results, an essential corollary, namely if the prime number l
divides Nm(φn(c − ζm)) = Nn(φm(c − ζn)), with c ∈ Z, and if l  mn, then the orders of l modulo m
and modulo n are equal. In particular, if l, p, q are prime numbers such that l divides Np(λ
q
p − 1) =
Nq(λ
p
q − 1), then l has the same order modulo p and modulo q. Furthermore, we establish
Theorem 3. For any positive integer n and any c ∈ Z such that φn(c) and n have no common factor, φn(c)
is a rational prime if and only if (c − ζn)On is a prime ideal of On, and in this case, the prime φn(c) splits
completely in Kn|Q.
This applies in particular to the Mersenne numbers Mp = 2p −1 = φp(2), for any prime number p,
and to the Fermat numbers Fk = 22k + 1 = φ2k+1(2), for any positive integer k. The main result is the
following one about prime ideal factorization.
Theorem 4. Let m, n be two positive integers and c ∈ Z such that Nm(φn(c−ζm)) is relatively prime tomn. Let
|Nm(φn(c − ζm))| = |Nn(φm(c − ζn))| =∏ri=1 lhii , where l1, . . . , lr are distinct prime numbers and h1, . . . ,hr
are positive integers. For 1 i  r, let f i be the common order of li modulom and modulo n (it is proved before
Theorem 4 that fi divides hi) andmi = hif i . For every i, let li (resp. l′i ) be a prime ideal of Om (resp. On) dividing
li and φn(c − ζm) (resp. dividing li and φm(c − ζn)). Then
φn(c − ζm)Om =
r∏
i=1
li,1 . . . li,mi ,
and
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r∏
i=1
l′i,1 . . . l
′
i,mi
,
where li,1, . . . , li,mi (resp. l
′
i,1, . . . , l
′
i,mi
) are mi , not necessarily distinct, prime ideal conjugates of li in Om
(resp. of l′i in On), for every 1 i  r.
In particular, if, in Theorem 4, hi = f i for 1 i  r, then, for every i, there exists a unique prime
ideal li of Om (resp. l′i of On) dividing li and φn(c− ζm) (resp. dividing li and φm(c− ζn)), and we have
φn(c − ζm)Om =∏ri=1 li and φm(c − ζn)On =∏ri=1 l′i . This yields the following reciprocity property.
Theorem 5. For two positive integers m, n and c ∈ Z such that mn and Nm(φn(c − ζm)) are relatively prime,
φn(c− ζm)Om is a prime ideal of Om if and only if φm(c− ζn)On is a prime ideal of On. This is also equivalent
to the condition: Nm(φn(c − ζm)) = Nn(φm(c − ζn)) = l f for some prime number l whose order modulo m
and modulo n is f .
The same results, as in Theorems 4 and 5, hold with m, n replaced by prime numbers p, q respec-
tively, and φn(c − ζm) (resp. φm(c − ζn)) replaced by 1− λqp (resp. 1− λpq ), giving similar prime ideal
factorizations for (1 − λqp) in Kp and for (1 − λpq ) in Kq . In particular, 1 − λqp is a prime element of
O p if and only if 1− λpq is a prime element of Oq (Theorem 6).
A plausible conjecture, based on the available numerical evidence, is that if p and q are two
distinct prime numbers, then every prime number l dividing Np(λ
q
p − 1) = Nq(λpq − 1) satisﬁes l ≡
1 (mod pq). Here, we are able to prove that for such prime divisors l, the common order f of l
modulo the distinct primes p and q is an odd integer (Corollary 2 to Proposition 8). Also, if q = 3 and
p  5, then this conjectured property holds (Corollary 1 to Proposition 8). Moreover (Corollary 2 to
Proposition 10):
For a prime p  5, if Np(λ3p − 1) = N3(λp3 − 1) =
∏r
i=1 l
mi
i is the rational prime factorization of the
norm, with distinct prime numbers li and positive integers mi , then for every 1 i  r, there exists a
unique prime ideal li of O p (resp. l′i of O 3) dividing li and 1− λ3p (resp. dividing li and 1− λp3 ), and
we have the similar prime ideal factorizations (1− λ3p)O p =
∏r
i=1 l
mi
i and (1− λp3 )O 3 =
∏r
i=1 l′
mi
i .
Part of the results had been presented in [He], but they are here substantially extended and com-
pleted.
2. Identities between norms of cyclotomic elements
The set of natural numbers 0,1,2, . . . is denoted by N, the ring of rational integers by Z, and the
ﬁelds of rational numbers, real numbers and complex numbers by Q, R and C respectively.
For a positive integer n, let ζn be a primitive n-th root of unity in C, and Kn = Q(ζn) the n-th
cyclotomic ﬁeld, On = Z[ζn] its ring of integers, Nn the norm map in Kn|Q. Let φn be the n-th cy-
clotomic polynomial, i.e. the irreducible polynomial of ζn over Q, given by φn(X) =∏k∈R∗n (X − ζ kn ),
where R∗n = {k ∈ N: 1  k  n, gcd(k,n) = 1} is the standard reduced residue system modulo n. Let
Gn = Gal(Kn|Q) = {σ (n)k : k ∈ R∗n} be the Galois group of Kn|Q, consisting of the Q-automorphisms
σ
(n)
k of Kn deﬁned, for any integer k relatively prime to n, by σ
(n)
k (ζn) = ζ kn . The group Gn is isomor-
phic to the multiplicative group (Z/nZ)∗ of invertible residue classes modulo n. The degree of Kn|Q
is the cardinality |R∗n| = |(Z/nZ)∗|, i.e. [Kn : Q] = ϕ(n), where ϕ is Euler’s totient function. We also
set λn = 1− ζn . In the sequel we assume that if a positive integer m divides n, then ζm = ζn/mn , e.g. by
setting ζn = exp( 2iπn ) for every n.
For an element x ∈ Kn , the ﬁeld polynomial of x in Kn|Q, which is the same as the norm of
X − x in the function ﬁeld extension Kn(X)|Q(X) [ZS], is deﬁned by Px,Kn|Q(X) = Nn(X − x) =∏
k∈R∗n (X −σ
(n)
k (x)). For z ∈ C, the complex number Px,Kn |Q(z) =
∏
k∈R∗n (z−σ
(n)
k (x)), obtained by sub-
stituting z for X in Px,Kn|Q(X) =Nn(X − x) will also be written Nn(z − x). Thus, if x = g(ζn), where
g ∈ Q(x) is a rational fraction with rational coeﬃcients, then Nn(z − g(ζn)) =∏k∈R∗ (z − g(ζ kn )).n
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Nm
(Nn( f (ζm) − g(ζn)))= (−1)ϕ(m)ϕ(n)Nn(Nm(g(ζn) − f (ζm)))= ∏
j∈R∗m
k∈R∗n
(
f
(
ζ
j
m
)− g(ζ kn )).
Proof. By deﬁnition, Nn( f (ζm) − g(ζn)) = ∏k∈R∗n ( f (ζm) − g(ζ kn )) and it lies in Km , sinceNn(X − g(ζn)) has its coeﬃcients invariant under the action of the Galois group Gn and therefore
lies in Q(X). Then
Nm
(Nn( f (ζm) − g(ζn)))= ∏
j∈R∗m
σ
(m)
j
(Nn( f (ζm) − g(ζn)))= ∏
j∈R∗m
Nn
(
f
(
ζ
j
m
)− g(ζn))
=
∏
j∈R∗m
∏
k∈R∗n
(
f
(
ζ
j
m
)− g(ζ kn ))= ∏
j∈R∗m
k∈R∗n
(
f
(
ζ
j
m
)− g(ζ kn )).
Similarly, by exchange of m and n, we have
Nn
(Nm(g(ζn) − f (ζm)))= ∏
k∈R∗n
∏
j∈R∗m
(
g
(
ζ kn
)− f (ζ jm))= ∏
j∈R∗m
k∈R∗n
(
g
(
ζ kn
)− f (ζ jm)).
Hence
Nm
(Nn( f (ζm) − g(ζn)))= ∏
j∈R∗m
∏
k∈R∗n
(
f
(
ζ
j
m − g
(
ζ kn
)))= ∏
j∈R∗m
(−1)ϕ(n)
∏
k∈R∗n
(
g
(
ζ kn
)− f (ζ jm))
= (−1)ϕ(m)ϕ(n)
∏
j∈R∗m
∏
k∈R∗n
(
g
(
ζ kn
)− f (ζ jm))
= (−1)ϕ(m)ϕ(n)Nn
(Nm(g(ζn) − f (ζm))). 
Remark 1. If the positive integers m and n are relatively prime, then the ﬁeld extensions Km|Q
and Kn|Q are linearly disjoint, with compositum KmKn = Kmn , and Galois group isomorphisms
Gal(Kmn|Km)  Gn and Gal(Kmn|Kn)  Gm , so that the equalities in Lemma 1 amount to the tran-
sitivity relation
Nm
(
NKmn|Km
(
f (ζm) − g(ζn)
))= Nn(NKmn|Kn( f (ζm) − g(ζn)))= Nmn( f (ζm) − g(ζn)).
Theorem 1. For any positive integers m, n, and any c ∈ Q,
Nm
(
φn(c − ζm)
)= Nn(φm(c − ζn))= ∏
j∈R∗m
k∈R∗n
(
c − ζ jm − ζ kn
)
.
And if m and n are relatively prime, Nm(φn(c − ζm)) = Nn(φm(c − ζn)) = Nmn(c − ζm − ζn).
Proof. These follow from Lemma 1, by noting that Nn(c− ζm − ζn) =∏k∈R∗n (c− ζm − ζ kn ) = φn(c− ζm)
and Nm(c − ζm − ζn) = φm(c − ζn), and from Remark 1 for the last equality. 
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Nm
(
φn(λm)
)= Nn(φm(λn)).
Remark 2. From the deﬁnition, we have, for any c ∈ Q,
Nm(c − ζm) =
∏
j∈R∗m
(
c − ζ jm
)= φm(c). (1)
Proposition 1. For any positive integers m, n and any c ∈ Q, we have
Nm
(
(c − ζm)n − 1
)=∏
d|n
Nd
(
φm(c − ζd)
)
.
Proof. Partitionning the n-th roots of unity in classes deﬁned by their orders yields the well-known
identity [W,IR] for cyclotomic polynomials Xn − 1 =∏d|n φd(X). Hence, for any x ∈ Km ,
Nm
(
xn − 1)=∏
d|n
Nm
(
φd(x)
)
. (2)
In particular, taking x = c − ζm , and using Theorem 1 to substitute Nm(φd(c − ζm)) = Nd(φm(c − ζd)),
the result follows. 
Corollary. For any positive integers m, n,
Nm
(
λnm − 1
)=∏
d|n
Nd
(
φm(λd)
)
.
In particular, for any k ∈ N and any prime number p,
N2k+1
(
λ
p
2k+1 − 1
)= Np(λ2kp + 1).
Proof. These follow from Proposition 1, by taking c = 1 in the ﬁrst part, and taking m = 2k+1 and
n = p in the second part. Indeed, in the latter case, N2k+1(λp2k+1 − 1) = N1(φ2k+1 (λ1))Np(φ2k+1 (λp)),
where φ2k+1 (X) = X2k + 1 and λ1 = 0, while N1 is the identity map of Q, which yields the second
formula. 
Proposition 2. For any integer m 2 and any prime number p, we have
Nm
(
λ
p
m − 1
)= Nm(φp(λm))= Np(φm(λp)).
Proof. Since φp(X) = Xp−1X−1 , we have Nm(φp(λm)) = Nm(λ
p
m−1)
Nm(−ζm) . Moreover, Nm(−ζm) = (−1)ϕ(m)Nm(ζm),
and Nm(ζm) =∏ j∈R∗m ζ jm = ζ
∑
j∈R∗m j
m . If m  3, the residues modulo m relatively prime to m can be
partitioned in pairs { j,m − j}, with 1  j < m2 , so that ϕ(m) is even,
∑
j∈R∗m j = ϕ(m)2 m is divisible
by m, and therefore ζ
∑
j∈R∗m j
m = 1 = (−1)ϕ(m) . If m = 2, then
∑
j∈R∗2 j = 1 = ϕ(2), and ζ
∑
j∈R∗2 j
2 = −1 =
(−1)ϕ(2) . Thus
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{
1, ifm 3,
−1, ifm = 2. (3)
Hence Nm(−ζm) = 1 and Nm(λpm − 1) = Nm(φp(λm)). The second equality follows from the corollary
to Theorem 1. 
Corollary 1. For any positive integer n and any prime number p,
Np
(
λnp − 1
)= ∏
d|n
d2
Nd
(
λ
p
d − 1
)
.
Proof. By the corollary to Proposition 1, Np(λnp−1) =
∏
d|n Nd(φp(λd)). By Proposition 2, Nd(φp(λd)) =
Nd(λ
p
d − 1) for d  2 (d | n), while for d = 1, trivially, N1(φp(λ1)) = φp(0) = 1. Hence the stated rela-
tion. 
Corollary 2. For any prime numbers p and q,
Np
(
λ
q
p − 1
)= Nq(λpq − 1)= ∏
1 jp−1
1kq−1
(
1− ζ jp − ζ kq
)
.
And if p 	= q, then Np(λqp − 1) = Nq(λpq − 1) = Npq(1− ζp − ζq).
Proof. These equalities follow from Proposition 2 and Theorem 1. 
Proposition 3. Let m and d be two positive integers such that d divides m and every prime divisor of m
divides d. For any c ∈ Q, we have
Nm(c − ζm) = φd
(
cm/d
)
.
Proof. By (1), in Remark 2, Nm(c − ζm) = φm(c). As d and m have the same prime factors, and d
divides m, we have the classical relation φm(X) = φd(X md ) (see [L]). The result follows by substituting
X = c. 
Corollary. For any positive integers k, l,n such that 1 l k, and for any c ∈ Q,
Nnk (c − ζnk ) = φnl
(
cn
k−l)= φn(cnk−1).
Remark 3. For any polynomial f ∈ Q[X] with rational coeﬃcients, and any positive integer m,
Nm
(
f (ζm)
)= ∏
j∈R∗m
f
(
ζ
j
m
)= R(φm, f )
is the resultant of the cyclotomic polynomial φm and the polynomial f [L]. In particular, for any
positive integers m, n,
Nm
(
φn(ζm)
)= R(φm, φn) = (−1)ϕ(m)ϕ(n)R(φn, φm) = (−1)ϕ(m)ϕ(n)Nn(φm(ζn)).
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Nph
(
λ
qk
ph
− 1)= k∏
i=1
Nqi
(
φph (λqi )
)
.
Proof. By the corollary to Theorem 1, Nph (φqk (λph )) = Nqk (φph (λqk )). Since φqk (X) = X
qk−1
Xqk−1−1 (e.g. [L]),
the previous relation implies that
Nph
(
λ
qk
ph
− 1)= Nqk(φph (λqk ))Nph (λqk−1ph − 1). (4)
Similarly, Nph (λ
qk−1
ph
− 1) = Nqk−1 (φph (λqk−1 ))Nph (λq
k−2
ph
− 1), which when substituted in (4) gives
Nph
(
λ
qk
ph
− 1)= Nqk(φph (λqk ))Nqk−1(φph (λqk−1))Nph (λqk−2ph − 1).
Repeated application of (4) and substitution in the expression for Nph (λ
qk
ph
− 1) yield, for 1  j  k,
the relation
Nph
(
λ
qk
ph
− 1)= Nph (λqk− jph − 1)
k∏
i=k− j+1
Nqi
(
φph (λqi )
)
.
The result then follows by taking j = k and using (3). 
Corollary 1. For any prime numbers p, q and any positive integers h, k,
k∏
i=1
Nqi
(
λ
ph
qi
− 1)= Nph (λqkph − 1)
k∏
i=1
Nqi
(
λ
ph−1
qi
− 1).
In particular,
k∏
i=1
Nqi
(
λ
p
qi
− 1)= Np(λqkp − 1),
and
Nq
(
λ
ph
q − 1
)= Nph (λqph − 1)Nq(λph−1q − 1).
Proof. The ﬁrst relation results from Proposition 4, in view of the fact that φph (X) = X
ph−1
Xph−1−1 , which
allows the substitution Nqi (φph (λqi )) =
Nqi (λ
ph
qi
−1)
Nqi (λ
ph−1
qi
−1)
. The second relation is the case h = 1 of the ﬁrst
one, taking into account that Nqi (λqi − 1) = Nqi (−ζqi ) = 1, for 1 i  k, by (3). The third relation is
the case k = 1 of the ﬁrst one. 
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N2h
(
λ
qk
2h
− 1)= k∏
i=1
Nqi
(
λ2
h−1
qi + 1
)
.
In particular,
k∏
i=1
Nqi (λqi + 1) =
k∏
i=1
Nqi (2− ζqi ) = 2q
k − 1.
Proof. The ﬁrst relation is the case p = 2 of Proposition 4, in view of the relation φ2h (X) = X2h−1 + 1.
The second relation is the special case h = 1 of the ﬁrst one. 
Proposition 5. The Mersenne numbers are, for prime numbers p,
Mp = 2p − 1 = Np
(
λ2p − 1
)= Np(1+ λp) = Np(2− ζp).
The Fermat numbers are, for k ∈ N,
Fk = 22k + 1 = N2k+1
(
λ22k+1 − 1
)= N2k+1(1+ λ2k+1) = N2k+1(2− ζ2k+1).
Proof. The expression for the Mersenne numbers results from Corollary 2 to Proposition 2, with q = 2,
noting that λ2 = 2 and Np(λp − 1) = Np(−ζp) = 1 by (3).
Similarly, the expression for the Fermat numbers results from the corollary to Proposition 1, with
p = 2. 
Remark 4. The relations Np(2 − ζp) = φp(2) = 2p − 1 = Mp , for a prime p, and N2k+1 (2 − ζ2k+1 ) =
φ2k+1 (2) = 22k + 1 = Fk , for k ∈ N, also follow from (1) in Remark 2.
3. Congruences and prime factors for the norms
Proposition 6. For any prime number p and any positive integers h, n,
Nph
(
1− λn
ph
)≡ 1 (mod p nϕ(ph) ),
where x, for a real number x, is the smallest integer  x.
Proof. The rational prime p is totally ramiﬁed in the cyclotomic extension Kph |Q, the only prime
ideal of O ph above p being (λph ) = λph O ph , with ramiﬁcation index ϕ(ph). So σ((λph )) = (λph ), for
any σ in the Galois group Gph of Kph |Q. Hence
Nph
(
1− λn
ph
)= ∏
σ∈Gph
(
1− σ(λph )n
)≡ 1 (mod λn
ph
)
.
In terms of the λph -adic valuation vλph of Kph and of the p-adic valuation vp of Q, where
Nph (1−λnph ) lies, this amounts to vλph (Nph (1−λnph )−1) = ϕ(ph)vp(Nph (1−λnph )−1) n. The result
follows, since vp(Nph (1− λnph ) − 1) is a rational integer. 
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Nph
(
φqk (λph )
)≡ 1 (mod p qk−1ϕ(ph) ).
Thus, if p 	= q, then
Nph
(
φqk (λph )
)= Nqk(φph (λqk ))≡ 1 (mod p q
k−1
ϕ(ph)

q
 ph−1
ϕ(qk)
)
.
In particular, if p and q are distinct odd prime numbers, then
Np
(
1− λqp
)= Nq(1− λpq )≡ 1 (mod p qp−1 q pq−1 ).
Proof. We have Nph (φqk (λph )) =
Nph (1−λ
qk
ph
)
Nph (1−λ
qk−1
ph
)
, where, by Proposition 6, Nph (1−λq
k
ph
) ≡ 1 (mod p
qk
ϕ(ph )

)
and Nph (1 − λq
k−1
ph
) ≡ 1 (mod p
qk−1
ϕ(ph )

). Therefore Nph (1 − λq
k
ph
) ≡ Nph (1 − λq
k−1
ph
) ≡ 1 (mod p
qk−1
ϕ(ph )

).
Since these norms are relatively prime to p, the congruence can be divided by one of them, which
yields the ﬁrst stated congruence.
The second congruence follows from the ﬁrst one, in view of the corollary to Theorem 1, and
taking into account that the difference between each norm and 1 being divisible by prime powers of
distinct primes is divisible by their product.
The third congruence follows from Proposition 6, in view of Corollary 2 to Proposition 2, since p
and q being odd primes, Np(1− λqp) = Np(λqp − 1) = Nq(λpq − 1) = Nq(1− λpq ). 
Lemma 2. Let n be a positive integer and x ∈ On. For any prime number l which divides Nn(x), there exists a
prime ideal l of On dividing l and x.
Proof. The ideal lOn is a product of prime ideals of On which are pairwise conjugates under the
action of the Galois group Gn of Kn|Q. Let l0 be one of these prime ideals of On dividing l. Then l0
divides Nn(x) =∏σ∈Gn σ(x), and therefore l0 divides one of the factors σ(x) of the latter product.
Then l = σ−1(l0) is a prime ideal of On dividing both l and x. 
Theorem 2. Let m, n be two positive integers, x ∈ Om, and l a prime number dividing Nm(φn(x)) and relatively
prime to mn. Let fm (resp. fn) be the order of l modulo m (resp. n). Then fn divides fm.
Proof. By Lemma 2, there exists a prime ideal l of Om dividing l and φn(x). Then xn ≡ 1 (mod l),
since φn(x) divides xn − 1. So the order h of x modulo l divides n. We next prove that h = n.
Assume that h < n. Then l divides xh − 1 =∏d|h φd(x). So there exists a positive integer d dividing
h such that l divides φd(x). Thus l divides both φn(x) and φd(x), where d | n. This means that the
canonical images φn and φd of the polynomials φn and φd in Fl[X] have a common root x¯ = x + l
in the ﬁeld extension Om/l of Fl = Z/lZ. Therefore the resultant R(φn, φd) = 0 in Fl , i.e. l divides
the resultant R(φn, φd) in Z (for the properties of the resultant, see [L]). On the other hand, since φd
divides Xd − 1 in Z[X], by the distributivity property of the resultant, R(φn, φd) divides R(φn, Xd − 1)
in Z. Let n = ad, where a is a positive integer. Then ζ dn = ζa , and
R
(
φn, X
d − 1)= ∏
k∈R∗
(
ζ kdn − 1
)= ∏
k∈R∗
(
ζ ka − 1
)= Nn(ζa − 1) = (−1)ϕ(n)Nn(1− ζa).
n n
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is a power of a prime p dividing n, then Nn(1 − ζa) = NKn |Kpk (Npk (1 − ζpk )) = NKn |Kpk (p) = p
[Kn :Kpk ]
divides a power of n, which, by assumption, is relatively prime to l. In either case, l does not divide
R(φn, Xd − 1), and therefore l does not divide R(φn, φd), a contradiction. So the assumption h < n
cannot hold, and since h | n, this implies that h = n.
The order n of the canonical image of x in the multiplicative group (Om/l)∗ divides the order
Nl − 1 of this group, where Nl = l fm is the absolute norm of l. Hence l fm ≡ 1 (mod n), i.e. fn di-
vides fm . 
Theorem 2 has some consequences, which are essential for the sequel, in particular, Corollaries 2
and 4 below.
Corollary 1. For any positive integer n and any x ∈ Z, if a prime number l divides φn(x) and does not divide n,
then l ≡ 1 (mod n).
Proof. This follows from Theorem 2 with m = 1, which implies, for a prime l dividing φn(x) =
N1(φn(x)) but not dividing n, that fn divides f1 = 1, i.e. fn = 1, i.e. l ≡ 1 (mod n). 
Corollary 2. For any positive integers m, n and any c ∈ Z, if a prime number l divides Nm(φn(c − ζm)) and
does not divide mn, then the orders fm and fn of l modulo m and modulo n, respectively, are equal.
In particular, if a prime number l divides Nm(φn(λm)) and does not divide mn, then fm = fn.
Proof. By Theorem 1, Nm(φn(c − ζm)) = Nn(φm(c − ζn)) is divisible by l. So, by Theorem 2, fn divides
fm and fm divides fn . Hence fm = fn . 
Corollary 3. For any positive integers m, n, if a prime number l divides Nm(λnm − 1) and does not divide mn,
then the order fm of l modulo m divides the order fn of l modulo n.
Proof. We have λnm − 1 =
∏
d|n φd(λm), so that the prime number l divides
Nm
(
λnm − 1
)=∏
d|n
Nm
(
φd(λm)
)
,
and therefore l divides Nm(φd(λm)) for some positive divisor d of n, while l  md since l  mn. So, by
the previous corollary, fm = fd , and since d | n, we have fd | fn . Hence fm | fn . 
Corollary 4. For any positive integer m and any prime number p, if a prime number l divides Nm(λ
p
m − 1)
and does not divide m, then l 	= p, and the orders fm and f p of l modulo m and modulo p, respectively, are
equal.
In particular, for any prime numbers p,q, l such that l divides Np(λ
q
p − 1) = Nq(λpq − 1), the order f p of l
modulo p is equal to the order fq of l modulo q.
Proof. Note ﬁrst that m  2, since if m = 1, then N1(λp1 − 1) = −1 has no prime divisor l. By Propo-
sition 2, Nm(λ
p
m − 1) = Nm(φp(λm)) = Np(φm(λp)). Since φm(λp) divides λmp − 1 in Om , the norm
Np(φm(λp)) divides Np(λmp − 1) in Z, and by Proposition 6, Np(1− λmp ) ≡ 1 (mod p), so that p does
not divide Np(λmp − 1), and therefore p does not divide Np(φm(λp)) = Nm(λpm − 1). Hence l 	= p. Then,
by Corollary 2 above, fm = f p .
In the special case where m = q is prime, the equality Np(λqp −1) = Nq(λpq −1) is from Corollary 2
to Proposition 2, and, by Proposition 6, a prime divisor l of Np(λ
q
p − 1) = Nq(λpq − 1) is different from
p and q. So the result follows from the general case above. 
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if and only if c − ζn is a prime element in the ring of integers On of Kn. Moreover, when φn(c) is prime in Z, it
splits completely in Kn|Q.
Proof. Let (c − ζn)On =∏ri=1 pkii be the prime ideal factorization of (c − ζn) in On , where p1, . . . ,pr
are distinct prime ideals of On and k1, . . . ,kr are positive integers. By (1) in Remark 2, φn(c) =
Nn(c − ζn). For an ideal a of On , denote by Na the absolute norm of a, i.e. the cardinality #(On/a)
of the corresponding quotient ring. We then have Npi = p fii , where pi is the rational prime below pi
and f i is the residue degree of pi in Kn|Q, for 1 i  r. Therefore
∣∣φn(c)∣∣= ∣∣Nn(c − ζn)∣∣= r∏
i=1
Npkii =
r∏
i=1
p fikii .
If |φn(c)| is a prime number, then r = f1 = k1 = 1, and (c − ζn)On = p1 is a prime ideal of On .
Conversely, if (c − ζn)On = p is a prime ideal of On lying above a rational prime p and having
residue degree f , then |φn(c)| = |Nn(c − ζn)| = Np = p f . So p divides φn(c), and, since n and φn(c)
are relatively prime, p does not divide n. Therefore p ≡ 1 (mod n), by Corollary 1 to Theorem 2.
Hence p splits completely in Kn|Q, i.e. f = 1 and |φn(c)| = p is a product of ϕ(n) = [Kn : Q] distinct
prime ideals of On , the Galois conjugates of p [W]. Thus |φn(c)| is a prime number p which splits
completely in Kn|Q. 
Remark 5. The assumption gcd(n, φn(c)) = 1 is not necessary to establish that if |φn(c)| is a prime
number, then c − ζn is a prime element in On , as seen from the ﬁrst part of the proof of Theorem 3.
It is only needed in the proof of the converse.
If n  3, then Nn(x)  0 for all x ∈ Kn (since the product of the Galois conjugates of x can be
written as a product of pairs of complex conjugates), so that |φn(c)| can be replaced by φn(c) in that
case.
Corollary. For any prime number p, any k ∈ N, and any c ∈ Z such that c 	≡ 1 (mod p), the rational integer
Npk+1 (c − ζpk+1 ) = φpk+1(c) =
∑p−1
j=0 c
pk j is a rational prime if and only if the cyclotomic integer c − ζpk+1
is a prime element in the ring of integers O pk+1 of Kpk+1 . And when this is the case, the rational prime splits
completely in Kpk+1 |Q.
In particular, for any prime number p, the Mersenne number Mp = 2p − 1 = φp(2) = Np(2 − ζp) is a
prime number if and only if 2− ζp is a prime element in the ring of integers O p of Kp . Moreover, when Mp is
prime, it splits completely in Kp|Q.
Similarly, for any k ∈ N, the Fermat number Fk = 22k +1 = φ2k+1 (2) = N2k+1 (2−ζ2k+1 ) is a prime number
if and only if 2 − ζ2k+1 is a prime element in the ring of integers O 2k+1 of K2k+1 . Moreover, when Fk is prime,
it splits completely in K2k+1 |Q.
Proof. The ﬁrst statement follows from Theorem 3 with n = pk+1. The condition c 	≡ 1 (mod p) im-
plies that cp
k+1 ≡ cpk ≡ · · · ≡ cp ≡ c 	≡ 1 (mod p), and therefore φpk+1(c) 	≡ 0 (mod p), since φpk+1 (c)
divides cp
k+1 − 1, which secures the condition gcd(pk+1, φpk+1(c)) = 1.
The second and third statements are respectively the special cases k = 0, c = 2 and p = 2, c = 2 of
the ﬁrst one. 
4. Properties of the prime ideal factors of certain cyclotomic integers
Notations. For a positive integer n, we denote by P(On) the set of prime ideals of the ring of integers
On of Kn , and for l ∈ P(On), we denote by vl the l-adic valuation of Kn .
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Nn(φm(c − ζn)) and relatively prime to mn. Then
∑
l∈P(Om)
l|l
vl
(
φn(c − ζm)
)= ∑
l′∈P(On)
l′|l
vl′
(
φm(c − ζn)
)
.
Proof. The equality Nm(φn(c − ζm)) = Nn(φm(c − ζn)) follows from Theorem 1.
Since l mn, the prime l is unramiﬁed in Km|Q and in Kn|Q. So, for any l ∈ P(Om) such that l | l,
vl
(
Nm
(
φn(c − ζm)
))= vl(Nm(φn(c − ζm)))= vl
( ∏
σ∈Gm
σ
(
φn(c − ζm)
))
=
∑
σ∈Gm
vl
(
σ
(
φn(c − ζm)
))
.
Let fm be the order of l modulo m. Then fm is the residue class degree of l over l, and the sequence
of conjugates σ(l) of l, for σ ∈ Gm = Gal(Km|Q), consists of all the distinct prime ideals of Om which
divide l, each one repeated fm times [W]. Moreover, vl(σ (x)) = vσ−1(l)(x), for any x ∈ Km . Therefore
∑
σ∈Gm
vl
(
σ
(
φn(c − ζm)
))= ∑
σ∈Gm
vσ−1(l)
(
φn(c − ζm)
)= fm ∑
l∈P(Om)
l|l
vl
(
φn(c − ζm)
)
.
Thus
vl
(
Nm
(
φn(c − ζm)
))= fm ∑
l∈P(Om)
l|l
vl
(
φn(c − ζm)
)
. (5)
Similarly, exchanging m and n, we get
vl
(
Nn
(
φm(c − ζn)
))= fn ∑
l′∈P(On)
l′|l
vl′
(
φm(c − ζn)
)
,
where fn is the order of l modulo n. Since Nm(φn(c − ζm)) = Nn(φm(c − ζn)), then
fm
∑
l∈P(Om)
l|l
vl
(
φn(c − ζm)
)= fn ∑
l′∈P(On)
l′|l
vl′
(
φm(c − ζn)
)
.
And, by Corollary 2 to Theorem 2, fm = fn . The result follows. 
Corollary 1. For any prime numbers p,q, l such that l divides Np(λ
q
p − 1) = Nq(λpq − 1),
∑
l∈P(O p)
l|l
vl
(
1− λqp
)= ∑
l′∈P(Oq)
l′|l
vl′
(
1− λpq
)= 1
f
vl
(
Np
(
λ
q
p − 1
))
,
where f is the common order of l modulo p and modulo q.
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p
q − 1) = Nq(φp(λq)) = Np(φq(λp)) = Np(λqp − 1), and by Proposition 6,
p and q do not divide Np(λ
q
p − 1) = Nq(λpq − 1), i.e. l 	= p,q. Then, by Proposition 7,
∑
l∈P(O p)
l|l
vl
(
φq(λp)
)= ∑
l′∈P(Oq)
l′|l
vl′
(
φp(λq)
)
.
Moreover, φq(λp) = 1−λ
q
p
1−λp =
1−λqp
ζp
, so that vl(φq(λp)) = vl(1 − λqp), for any l ∈ P(O p), and a similar
relation holds with p and q exchanged. The result follows, in view of (5). 
Corollary 2. Let m, n be two positive integers and c ∈ Z such that Nm(φn(c − ζm)) is relatively prime to
mn. Let |Nm(φn(c − ζm))| = |Nn(φm(c − ζn))| =∏ri=1 lhii , with distinct prime numbers l1, . . . , lr and positive
integers h1, . . . ,hr , be the prime factorization of the norm. For 1 i  r, let f i be the order of li modulo m and
modulo n. Then fi divides hi for all 1 i  r.
In particular, for any prime numbers p, q, if Np(λ
q
p − 1) = Nq(λpq − 1) =
∏r
i=1 l
hi
i , where l1, . . . , lr are
distinct prime numbers and h1, . . . ,hr are positive integers, then every hi is divisible by the order fi of li
modulo p and modulo q, for 1 i  r.
Proof. The ﬁrst part follows from formula (5) in the proof of Proposition 7, which gives for every
1 i  r,
hi = vli
(
Nm
(
φn(c − ζm)
))= f i ∑
li∈P(Om)
li |li
vli
(
φn(c − ζm)
)
.
The second part follows from the ﬁrst one, since, by Proposition 2, Np(λ
q
p − 1) = Np(φq(1− ζp)) =
Nq(φp(1 − ζq)) = Nq(λpq − 1), and by Proposition 6, all li 	= p,q, so that Np(φq(1 − ζp)) is relatively
prime to pq. 
Theorem 4. Let m, n be two positive integers and c ∈ Z such that Nm(φn(c−ζm)) is relatively prime tomn. Let
|Nm(φn(c − ζm))| = |Nn(φm(c − ζn))| =∏ri=1 lhii , where l1, . . . , lr are distinct prime numbers and h1, . . . ,hr
are positive integers. For 1  i  r, let f i be the order of li modulo m and modulo n and mi = hif i , and let li
(resp. l′i) be a prime ideal of Om (resp. On) dividing li and φn(c − ζm) (resp. dividing li and φm(c − ζn)). Then
φn(c − ζm)Om =
r∏
i=1
li,1 . . . li,mi ,
and
φm(c − ζn)On =
r∏
i=1
l′i,1 . . . l
′
i,mi
,
where li,1, . . . , li,mi (resp. l
′
i,1, . . . , l
′
i,mi
) are mi , not necessarily distinct, prime ideal conjugates of li in Om
(resp. of l′i in On), for every 1 i  r.
Proof. Note that in the statement, we implicitly use Theorem 1 for the equality of the norms, Corol-
lary 2 to Theorem 2 for the equality of the orders of li modulo m and modulo n, Corollary 2 to
Proposition 7 for the divisibility of hi by f i thus yielding an integral quotient mi , and Lemma 2 for
the existence of the prime ideal li (resp. l′i ), for each i.
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and in Kn|Q. For 1  i  r, we then have the prime ideal factorization li Om = ∏gis=1 l∗i,s , where
l∗i,1, . . . , l
∗
i,gi
are distinct prime ideals of Om , conjugates of li , each of residue degree f i and abso-
lute norm Nl∗i,s = l f ii , with gi = ϕ(m)f i [W]. Since φn(c − ζm) divides |Nm(φn(c − ζm))| =
∏r
i=1 l
hi
i in Om ,
and the integers lhii are pairwise relatively prime, φn(c−ζm)Om =
∏r
i=1 gcd(φn(c−ζm)Om, lhii Om), and
gcd(φn(c− ζm)Om, lhii Om) = gcd(φn(c− ζm)Om,
∏gi
s=1 l∗i,s
hi ) =∏gis=1 l∗i,sai,s , where each ai,s is an integer
 0, equal to the l∗i,s-adic valuation of φn(c − ζm), for 1 s gi and 1 i  r. Therefore
φn(c − ζm)Om =
r∏
i=1
gi∏
s=1
l∗i,s
ai,s .
Moreover,
r∏
i=1
lhii =
∣∣Nm(φn(c − ζm))∣∣= r∏
i=1
gi∏
s=1
Nl∗i,s
ai,s =
r∏
i=1
gi∏
s=1
l
fiai,s
i =
r∏
i=1
l
∑gi
s=1 f iai,s
i .
Hence
∑gi
s=1 f iai,s = hi , i.e.
∑gi
s=1 ai,s =mi , i.e. gcd(φn(c − ζm)Om, lhii Om) =
∏gi
s=1 l∗i,s
ai,s is the product
of mi , not necessarily distinct, prime ideals of Om , all conjugates of li , for 1 i  r. Thus
∏gi
s=1 l∗i,s
ai,s =
li,1 . . . li,mi , for 1 i  r, and
φn(c − ζm)Om =
r∏
i=1
li,1 . . . li,mi ,
where li,1, . . . , li,mi are mi , not necessarily distinct, prime ideals of Om , all conjugates of li , for every
1 i  r.
Similar relations hold in Kn|Q, with m and n exchanged, giving the prime ideal factorization
φm(c − ζn)On =∏ri=1∏g′it=1 l′∗i,tbi,t , where, for every i, g′i = ϕ(n)f i , and l′∗i,t , for 1  t  g′i , are the dis-
tinct prime ideals of On above li , conjugates of l′i , each of residue degree f i in Kn|Q (the same
as that of li in Km|Q), and the bi,t are integers  0. Moreover, since ∏ri=1 lhii = |Nn(φm(c − ζn))| =∏r
i=1
∏g′i
t=1 Nl′∗i,t
bi,t =∏ri=1∏g′it=1 l f ibi,ti , for every 1  i  r, we similarly have ∑g′it=1 bi,t = mi , so that∏g′i
t=1 l′∗i,t
bi,t is the product of mi , not necessarily distinct, prime ideals l′i,1, . . . , l
′
i,mi
of On , conjugates
of l′i . Thus
φm(c − ζn)On =
r∏
i=1
l′i,1 . . . l
′
i,mi
. 
Remark 6. Given the rational prime factorization |Nm(φn(c − ζm))| = |Nn(φm(c − ζn))| =∏ri=1 lhii , The-
orem 4 shows that there is a symmetry between the prime ideal factorization of φn(c− ζm)Om in Om
and that of φm(c − ζn)On in On . Indeed, these two principal ideals are each a product, for i ranging
from 1 to r, of products of mi (not necessarily distinct) prime ideals lying above li .
Corollary. Keeping the notations and assumptions of Theorem 4, if |Nm(φn(c − ζm))| = |Nn(φm(c − ζn))| =∏r
i=1 l
f i
i , where fi is the order of the prime number li modulo m and modulo n (1 i  r), then
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r∏
i=1
li, φm(c − ζn)On =
r∏
i=1
l′i,
where, for every i, li (resp. l′i) is the unique prime ideal of Om (resp. of On) dividing li and φn(c − ζm) (resp.
dividing li and φm(c − ζn)).
Proof. This is the special case of Theorem 4 where, for every 1 i  r, we have mi = 1, so that, from
the proof of Theorem 4, gcd(φn(c − ζm)Om, lhii Om) = li , hence the uniqueness of the prime ideal li of
Om dividing li and φn(c−ζm), and the prime ideal factorization φn(c−ζm)Om =∏ri=1 li . By symmetry,
exchanging m and n, we get similar results for φm(c − ζn)On . 
Theorem 5. Let m, n be two positive integers and c ∈ Z such that Nm(φn(c − ζm)) is relatively prime to mn.
The following three conditions are equivalent:
(1) φn(c − ζm)Om is a prime ideal of Om;
(2) |Nm(φn(c − ζm))| = |Nn(φm(c − ζn))| = l f , where l is a prime number whose order modulo m and mod-
ulo n is f ;
(3) φm(c − ζn)On is a prime ideal of On.
Proof. By Theorem 4, to the rational prime factorization |Nm(φn(c−ζm))| = |Nn(φm(c−ζn))| =∏ri=1 lhii
corresponds the prime ideal factorization φn(c − ζm)Om = ∏ri=1 li,1 . . . li,mi , where li,1, . . . , li,mi are
mi = hif i , not necessarily distinct, prime ideals of Om above li , and f i is the order of li modulo m and
modulo n, for every 1 i  r. Therefore φn(c − ζm)Om is a prime ideal of Om if and only if r = 1 and
m1 = h1f1 = 1, i.e. |Nm(φn(c − ζm))| = |Nn(φm(c − ζn))| = l
f1
1 . Hence the equivalence of the conditions
(1) and (2).
Similarly, exchanging m and n, we get the equivalence of conditions (2) and (3). 
Theorem 6. Let p, q be two prime numbers, and Np(λ
q
p − 1) = Nq(λpq − 1) =
∏r
i=1 l
hi
i , where l1, . . . , lr are
distinct prime numbers and h1, . . . ,hr are positive integers. For 1  i  r, let f i be the order of li modulo p
and modulo q and mi = hif i , and let li (resp. l′i) be a prime ideal of O p (resp. Oq) dividing li and 1 − λ
q
p (resp.
dividing li and 1− λpq ). Then
(
1− λqp
)
O p =
r∏
i=1
li,1 . . . li,mi ,
(
1− λpq
)
Oq =
r∏
i=1
l′i,1 . . . l
′
i,mi
,
where, for every i, li,1, . . . , li,mi (resp. l
′
i,1, . . . , l
′
i,mi
) are mi , not necessarily distinct, prime ideal conjugates of
li in O p (resp. of l′i in Oq).
In particular, if Np(λ
q
p − 1) = Nq(λpq − 1) =
∏r
i=1 l
f i
i , then, for every 1  i  r, there is a unique prime
ideal li of O p (resp. l′i of Oq) dividing li and 1− λqp (resp. dividing li and 1− λpq ), and we have
(
1− λqp
)
O p =
r∏
i=1
li,
(
1− λpq
)
Oq =
r∏
i=1
l′i .
Furthermore, 1−λqp is a prime element in O p if and only if 1−λpq is a prime element in Oq, both primality
conditions being equivalent to the equality Np(λ
q
p −1) = Nq(λpq −1) = l f with a prime number l whose order
modulo p and modulo q is f .
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Np(λ
q
p − 1) = Np(φq(1− ζp)) = Nq(φp(1− ζq)) = Nq(λpq − 1), and by Proposition 6, all li 	= p,q. 
Remark 7. Theorems 5 and 6 establish a reciprocity relation between two cyclotomic ﬁelds Km and
Kn (resp. Kp and Kq), namely the primality of an element φn(c − ζm) in Om (resp. 1 − λqp in O p) is
equivalent to the primality of φm(c − ζn) in On (resp. 1− λpq in Oq).
Proposition 8. Let p, q and l be prime numbers such that l divides Np(λ
q
p −1) = Nq(λpq −1), and let f be the
order of l modulo p and modulo q. For any integer n not divisible by p (resp. by q), consider the cyclotomic unit
up,n = 1−ζ
n
p
1−ζp (resp. uq,n =
1−ζnq
1−ζq ). Then there exists a prime ideal l of O p (resp. l
′ of Oq) dividing l and 1− λqp
and uq
p,li
− 1 (resp. dividing l and 1− λpq and upq,li − 1) for all 1 i  f .
In particular, if f > 1, there exists an integer 2 j  p − 1 (resp. 2 k q − 1) such that l divides l and
1−λqp and uqp, j −1 (resp. l′ divides l and 1−λpq and upq,k −1). If, in addition, p 	= q, then 2 j  p−2 (resp.
2 k q − 2).
Proof. Note that Corollary 2 to Proposition 2 and Corollary 4 to Theorem 2 are implicitly used in the
above statement. By Lemma 2, there exists a prime ideal l of O p such that l divides l and 1− λqp . The
decomposition group of l in Kp |Q, consisting of the automorphisms of Kp|Q which leave l ﬁxed, is
generated by the Frobenius automorphism σ (p)l and is thus isomorphic to the subgroup of (Z/pZ)
∗
generated by the congruence class of l modulo p, which has order f [W]. So, if an integer n ≡
li (mod p), for some 1  i  f , then l = σ (p)n (l) divides σ (p)n (1 − λqp) = 1 − σ (p)n (λp)q . Therefore l
divides 1 − λqp − (1 − σ (p)n (λp)q) = σ (p)n (λp)q − λqp . Moreover, σ (p)n (λp) = 1 − ζnp = up,nλp , with the
cyclotomic unit up,n = 1−ζ
n
p
1−ζp (this is more generally valid for any integer n not divisible by p). So l
divides σ (p)n (λp)
q − λqp = λqp(uqp,n − 1), and since λp divides p and l divides l, with p and l relatively
prime (by Proposition 6), then l is relatively prime to λp , and therefore it divides u
q
p,n − 1. Thus l
divides uq
p,li
− 1 for 1 i  f .
Assume that f > 1. Then there exists an integer 1  i  f − 1, so that li 	≡ 1 (mod p), i.e. li ≡
j (mod p) for some 2  j  p − 1, and by what precedes, l divides uq
p,li
− 1 = uqp, j − 1. Note that
in this case, p  3, and similarly, by symmetry, q  3. Further note that up,p−1 = 1−ζ
−1
p
1−ζp = −ζ−1p , and
uqp,p−1 − 1 = −ζ−qp (1+ ζ qp ). Thus, if p 	= q, then uqp,p−1 − 1 = −ζ−qp σ (p)q (1+ ζp) = −ζ−qp σ (p)q (up,2) is a
unit in O p , not divisible by l, so that j cannot equal p − 1, i.e. 2 j  p − 2.
Similar results hold in Oq in view of the symmetry of p and q in the equality Np(λ
q
p − 1) =
Nq(λ
p
q − 1) and of the fact that l has the same order modulo p and modulo q. 
Corollary 1. If one of two distinct prime numbers p, q is equal to 2 or 3, then for any prime number l dividing
Np(λ
q
p − 1) = Nq(λpq − 1), we have l ≡ 1 (mod pq).
In other words,
(1) For any prime numbers p 	= 2 and l dividing Np(λ2p − 1) = 2p − 1, we have l ≡ 1 (mod 2p).
(2) For any prime numbers p 	= 3 and l dividing Np(λ3p − 1) = N3(λp3 − 1), we have l ≡ 1 (mod 3p).
Proof. If p = 2 (resp. q = 2), then there is no integer 2 j  p−1 (resp. 2 k q−1), and therefore,
by Proposition 8, the order f of l modulo p and modulo q cannot be > 1. Furthermore, if p and q
are odd, with one of them equal to 3, e.g. q = 3, then there is no integer 2 k q− 2, and therefore,
by Proposition 8, f cannot be > 1. Thus, in any case, f = 1, i.e. l ≡ 1 modulo p and modulo q, i.e.
l ≡ 1 (mod pq). 
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q
p − 1) = Nq(λpq − 1),
then the order f of l modulo p and modulo q is an odd integer.
Proof. If p or q is equal to 2, then by Corollary 1, f = 1 and the result holds trivially. So, we may
assume p and q to be distinct odd primes. By Proposition 8, there exists a prime ideal l of O p such
that l divides l and 1−λqp and uqp,li −1 for all 1 i  f . Moreover, by the proof of Proposition 8, l does
not divide uqp,p−1 − 1. Hence p − 1 is not congruent to a power of l modulo p, i.e. li 	≡ −1 (mod p)
for any positive integer i. As p > 2, this means that the order f of l modulo p is odd. 
Corollary 3. If p, q are distinct prime numbers such that gcd(p − 1,q − 1) is a power of 2, then any prime
number l dividing Np(λ
q
p − 1) = Nq(λpq − 1) satisﬁes l ≡ 1 (mod pq).
In particular, if p = 22k + 1 is a Fermat prime, then, for any prime numbers q 	= p and l dividing
Np(λ
q
p − 1) = Nq(λpq − 1), we have l ≡ 1 (mod pq).
Proof. It follows from Corollary 4 to Theorem 2 and from Corollary 2 above that the common order
f of l modulo p and modulo q is an odd integer dividing both p−1 and q−1, and therefore dividing
gcd(p − 1,q − 1), which is a power of 2. Thus f = 1, i.e. l ≡ 1 modulo p and modulo q and therefore
modulo pq. 
Remark 8. Given prime numbers p, q and l such that l divides Np(λ
q
p − 1) = Nq(λpq − 1), if there
exist two distinct prime ideals of O p dividing l and 1 − λqp , then they are conjugates (as are all the
prime ideal factors of l in O p), of the form l and σ
(p)
n (l) 	= l, for some 2 n p − 1. Letting j be an
inverse of n modulo p, it follows that l divides σ (p)j (1 − λqp) = 1 − σ (p)j (λp)q , and therefore l divides
1−λqp −(1−σ (p)j (λp)q) = σ (p)j (λp)q −λqp = λqp(uqp, j −1), where up, j =
1−ζ jp
1−ζp is a cyclotomic unit in O p .
As in the proof of Proposition 8, this means that l divides uqp, j − 1 for some 2 j  p − 1, and when
p and q are distinct odd primes, j cannot equal p−1, so that 2 j  p−2. However, unlike the case
in Proposition 8, since σ (p)j (l) 	= l, the automorphism σ (p)j does not lie in the decomposition group
of l, i.e. j is not congruent to a power of l modulo p.
Corollary. Let q be a prime number  5. For any prime number l dividing Nq(λ3q − 1) = N3(λq3 − 1), there
exists a unique prime ideal l of O 3 dividing l and 1− λq3 .
Proof. The existence of l results from Lemma 2, and its uniqueness follows from Remark 8, since
q 5 and p = 3 are distinct odd primes and there are no integers 2 j  p − 2, so that l and 1− λq3
cannot have two distinct prime ideal divisors in O 3. 
Lemma 3. Let m, n be two relatively prime positive integers, and c ∈ Z. For any prime number l which divides
Nm(φn(c − ζm)), there exists a prime ideal L of Omn dividing l and c − ζm − ζn.
Proof. Since gcd(m,n) = 1, the compositum of Km and Kn is KmKn = Kmn , whose Galois group over
Q is Gmn  Gm × Gn . Thus, by Theorem 1, Nm(φn(c − ζm)) = Nn(φm(c − ζn)) = Nmn(c − ζm − ζn) =∏
k∈R∗mn (c − ζ km − ζ kn ).
The ideal lOmn is a product of prime ideals of Omn which are pairwise conjugates under the action
of the Galois group Gmn . Let L0 be one of the prime ideals of Omn dividing l. Then L0 divides the
product Nm(φn(c− ζm)) =∏k∈R∗mn (c− ζ km − ζ kn ), and therefore L0 divides one of its factors c− ζ km − ζ kn .
Hence L = (σ (mn)k )−1(L0) is a prime ideal of Omn which divides l and c − ζm − ζn . 
Remark 9. If, in addition to gcd(m,n) = 1, we also assume that the prime factor l of Nm(φn(c − ζm))
is relatively prime to mn, then, using arguments as in the proof of Proposition 7, we get an analogue
of formula (5), namely:
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(
Nm
(
φn(c − ζm)
))= f ∑
L∈P(Omn)
L|l
vL(c − ζm − ζn), (6)
where f is the common order of l modulo m and modulo n (by Corollary 2 to Theorem 2), i.e. f is
the order of l modulo mn (since m, n are relatively prime).
Lemma 4. Let m, n be two relatively prime positive integers. For any prime number l which divides
Nm(φn(λm)) = Nn(φm(λn)), and for any i ∈ R∗m and j ∈ R∗n, there exists a prime ideal of Omn dividing l
and 1− ζ imσ (n)j (λn) (resp. dividing l and 1− ζ jnσ (m)i (λm)).
Proof. By Lemma 3, with c = 1, there exists a prime ideal L of Omn dividing l and 1 − ζm − ζn . Let
k ∈ R∗mn such that k ≡ −i (mod m) and k ≡ j (mod n). Then σ (mn)k (L) is a prime ideal of Omn which
divides l and 1− ζ−im − ζ jn = −ζ−im (1− ζ im(1− ζ jn )), i.e. it divides l and 1− ζ im(1− ζ jn ) = 1− ζ imσ (n)j (λn).
By exchange of m and n, a similar result is obtained, with 1−ζ jnσ (m)i (λm) replacing 1−ζ imσ (n)j (λn). 
Notation. We will use the following notation in the sequel. Given two distinct prime numbers p, q,
and the standard reduced residue systems R∗p modulo p, R∗q modulo q, R∗pq modulo pq, as deﬁned at
the beginning of Section 2, for any i ∈ R∗p and any j ∈ R∗q , we denote by r(i, j) the unique element of
R∗pq such that r(i, j) ≡ i (mod p) and r(i, j) ≡ j (mod q).
Proposition 9. Let p and q be two distinct prime numbers, l a prime number dividing Np(λ
q
p − 1) =
Nq(λ
p
q − 1), and f the common order of l modulo p and modulo q.
(1) There exist two distinct, conjugate, prime ideals L and L′ of O pq such that L divides l and 1− ζqλp , and
L′ divides l and 1− ζpλq.
Let l = L ∩ O p and l′ = L′ ∩ Oq. Then
(2) l (resp. l′) is a prime ideal of O p (resp. of Oq), divisible by L (resp. L′), and dividing l and 1 − λqp (resp.
dividing l and 1− λpq ).
(3) l (resp. l′) splits completely in Kpq|Kp (resp. in Kpq|Kq) as a product of q − 1 (resp. p − 1) distinct,
conjugate, prime ideals of O pq.
(4) The prime ideal decomposition of l in Kpq|Q is given by
lO pq =
∏
k∈Cpq(l)
σ
(pq)
k (L) =
∏
i∈Cp(l)
1 jq−1
σ
(pq)
r(i, j)(L) =
∏
1ip−1
j∈Cq(l)
σ
(pq)
r(i, j)
(
L′
)= ∏
k∈Cpq(l)
σ
(pq)
k
(
L′
)
,
where Cp(l) (resp. Cq(l), resp. Cpq(l)) is a set of coset representatives in R∗p (resp. R∗q , resp. R∗pq) of the
subgroup generated by the congruence class of l in the multiplicative group (Z/pZ)∗ (resp. (Z/qZ)∗ , resp.
(Z/pqZ)∗).
Proof. (1) The existence of L and L′ follows from Lemma 4, in view of Proposition 2. They are
conjugates since they both divide l. They are distinct since 1− ζqλp and 1− ζpλq differ by a unit and
are therefore relatively prime. Indeed, 1−ζpλq − (1−ζqλp) = ζq −ζp = ζq(1−ζpζ−1q ) = ζq(1−ζ q−ppq ) =
ζqσ
(pq)
q−p (λpq), which is a unit of O pq , like λpq = 1− ζpq [W, Proposition 2.8].
(2) The fact that l (resp. l′) is a prime ideal of O p (resp. of Oq), divisible by L (resp. L′), and
dividing l results immediately from its deﬁnition and the corresponding properties of L (resp. L′).
Moreover, as L divides 1 − ζqλp , i.e. 1 − ζqλp ∈ L, we have Npq,p(1 − ζqλp) ∈ L ∩ O p = l, where
Npq,p is the norm map in Kpq|Kp , i.e. l divides Npq,p(1 − ζqλp). Also, as p and q are distinct
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Galois groups Gal(Kpq|Kp) and Gq = Gal(Kq|Q) are isomorphic, under the isomorphism which as-
signs to an automorphism σ (q)j of Kq|Q the automorphism σ (pq)r(1, j) of Kpq|Q which leaves Kp ﬁxed,
where r(1, j) ∈ R∗pq such that r(1, j) ≡ 1 (mod p) and r(1, j) ≡ j (mod q). Hence Npq,p(1 − ζqλp) =∏q−1
j=1 σ
(pq)
r(1, j)(1− ζqλp) =
∏q−1
j=1(1− ζ jq λp) =
1−λqp
1−λp = ζ−1p (1− λ
q
p). It follows that l divides 1− λqp . Simi-
larly, exchanging p and q, we conclude that l′ divides 1− λpq .
(3) Since l does not divide pq (by Proposition 6), l is unramiﬁed in Kpq|Q, and so is the prime ideal
above it, l, in Kpq|Kp . Moreover, the residue class degree of L (resp. l) over l is equal to the order of
l modulo pq (resp. modulo p) [W]. Since the two orders are both equal to f , then, by transitivity, the
residue degree of L over l is equal to 1. It follows that l splits completely in Kpq|Kp , as a product of
[Kpq : Kp] = q − 1 distinct prime ideals of O pq , which are conjugates of each other since Kpq|Kp is
a Galois extension. Similarly, l′ splits completely in Kpq|Kq as a product of p − 1 distinct, conjugate,
prime ideals of O pq , by exchange of p and q.
(4) The decomposition group of the prime ideal L in Kpq|Q (resp. l in Kp|Q, resp. l′ in Kq|Q),
consisting of the automorphisms of Kpq|Q (resp. of Kp|Q, resp. of Kq|Q) which leave this ideal
ﬁxed, is generated by the corresponding Frobenius automorphism σ (pq)l (resp. σ
(p)
l , resp. σ
(q)
l ), and
is thus isomorphic to the subgroup generated by the congruence class of l in (Z/pqZ)∗ (resp. in
(Z/pZ)∗ , resp. in (Z/qZ)∗) [W]. Hence lO pq =∏k∈Cpq(l) σ (pq)k (L) (resp. lO p =∏i∈Cp(l) σ (p)i (l), resp.
lOq = ∏ j∈Cq(l) σ (q)j (l′)). Note that, in the prime ideal factorization of lO pq , we can also replace L
by its conjugate L′ . Moreover, by (3) and (2) above and their proofs, lO pq =∏σ∈Gal(Kpq |Kp) σ (L) =∏q−1
j=1 σ
(pq)
r(1, j)(L), and similarly, l
′O pq =∏p−1i=1 σ (pq)r(i,1)(L′). Hence
lO pq = (lO p)O pq =
∏
i∈Cp(l)
σ
(p)
i (l)O pq =
∏
i∈Cp(l)
σ
(pq)
r(i,1)(lO pq) =
∏
i∈Cp(l)
σ
(pq)
r(i,1)
( q−1∏
j=1
σ
(pq)
r(1, j)(L)
)
,
so that
lO pq =
∏
i∈Cp(l)
1 jq−1
σ
(pq)
r(i,1) ◦ σ (pq)r(1, j)(L) =
∏
i∈Cp(l)
1 jq−1
σ
(pq)
r(i, j)(L).
Similarly,
lO pq = (lOq)O pq =
∏
j∈Cq(l)
σ
(pq)
r(1, j)
(
l′O pq
)= ∏
j∈Cq(l)
σ
(pq)
r(1, j)
( p−1∏
i=1
σ
(pq)
r(i,1)
(
L′
))
=
∏
1ip−1
j∈Cq(l)
σ
(pq)
r(i, j)
(
L′
)
. 
Remark 10. For two distinct prime numbers p and q, we have 1 − ζqλp = 1 − ζq + ζpζq and
σ
(pq)
−1 (1− ζqλp) = 1− ζ−1q + ζ−1p ζ−1q = ζ−1p ζ−1q (1− ζp + ζpζq) = ζ−1p ζ−1q (1− ζpλq). Thus
1− ζpλq = ζpζqσ (pq)−1 (1− ζqλp). (7)
So a prime ideal of O pq divides 1 − ζpλq if and only if it divides σ (pq)−1 (1 − ζqλp). Therefore, in
Proposition 9, we may take for prime ideal of O pq dividing l and 1 − ζpλq the complex conjugate
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ideals l = L ∩ O p of O p dividing l and 1 − λqp and l′ = L′ ∩ Oq = σ (pq)−1 (L ∩ Oq) of Oq dividing l and
1− λpq , so that l is the trace of L on O p , while l′ is the complex conjugate of the trace of L on Oq .
Proposition 10. Let p, q and l be distinct prime numbers, with l dividing Np(λ
q
p − 1) = Nq(λpq − 1).
If there exists more than one prime ideal of O p dividing l and 1 − λqp , then there exist a prime ideal L of
O pq and two integers 2 i  p − 2 and 2 j  q − 2, with i 	≡ ln (mod p) for any integer n  0, such that
L divides l and 1− ζqλp and 1− ζ jq σ (p)i (λp).
Similarly, if there exists more than one prime ideal of Oq dividing l and 1 − λpq , then there exist a prime
ideal L′ of O pq and two integers 2 i  p − 2 and 2 j  q − 2, with j 	≡ ln (mod q) for any integer n 0,
such that L′ divides l and 1− ζpλq and 1− ζ ipσ (q)j (λq).
Proof. By Proposition 9, there exists a prime ideal L of O pq dividing l and 1 − ζqλp , and then l =
L ∩ O p is a prime ideal of O p dividing l and 1 − λqp . By assumption, there exists another prime
ideal of O p dividing the latter two elements, and it is a conjugate of l, since it divides l. So there
exists an integer r ∈ R∗p such that σ (p)r (l) divides 1 − λqp and σ (p)r (l) 	= l, i.e. σ (p)r does not lie in
the decomposition group of l in Kp |Q, i.e. the congruence class of r modulo p does not lie in the
subgroup generated by that of l in (Z/pZ)∗ . Thus, letting i denote the inverse of r modulo p which
lies in {1,2, . . . , p − 1}, the prime ideal l divides σ (p)i (1− λqp) = 1− σ (p)i (λp)q , and i 	≡ ln (mod p) for
any integer n 0. Moreover, since L divides l, it also divides 1−σ (p)i (λp)q =
∏q−1
j=0(1− ζ jq σ (p)i (λp)) =
ζ ip
∏q−1
j=1(1− ζ jq σ (p)i (λp)), i.e. there exists an integer 1 j  q− 1 such that L divides 1− ζ jq σ (p)i (λp).
Note also that, since i 	≡ ln (mod p) for all n 0, then i 	= 1, so that 2 i  p − 1.
Furthermore, if j = 1, then L divides 1 − ζqλp and 1 − ζqσ (p)i (λp), so L divides their difference
ζq(σ
(p)
i (λp) − λp) = ζq(ζp − ζ ip) = ζqζp(1 − ζ i−1p ) = ζpζqσ (p)i−1(λp), i.e. L divides σ (p)i−1(λp), which is
impossible, since σ (p)i−1(λp) divides p and L divides l while p is relatively prime to l, by Proposition 6.
Thus j 	= 1. Also, if j = q − 1, then L divides 1− ζqλp and 1− ζ q−1q σ (p)i (λp), so L divides 1− ζqλp +
ζq(1− ζ q−1q σ (p)i (λp)) = ζpζq + ζ ip = ζpζq(1+ ζ i−1p ζ−1q ) = ζpζq(1+ ζ q(i−1)−ppq ) = ζpζqσ (pq)q(i−1)−p(1+ ζpq) =
ζpζqσ
(pq)
q(i−1)−p(upq,2), where upq,2 is the cyclotomic unit
1−ζ 2pq
1−ζpq = 1 + ζpq , so that L divides a unit,
which is impossible. Thus j 	= q − 1. Therefore 2 j  q − 2.
Similarly, if i = p − 1, then L divides 1 − ζ jq σ (p)p−1(λp) and 1 − ζqλp , so L divides their difference
ζqλp − ζ jq σ (p)p−1(λp) = ζqλp(1− ζ j−1q up,p−1), where up,p−1 =
σ
(p)
p−1(λp)
λp
= 1−ζ−1p1−ζp = −ζ−1p . Thus L divides
ζqλp(1 + ζ j−1q ζ−1p ) = ζqλp(1 + ζ p( j−1)−qpq ) = ζqλpσ (pq)p( j−1)−q(1 + ζpq) = ζqλpσ (pq)p( j−1)−q(upq,2), which is
impossible, since ζqλpσ
(pq)
p( j−1)−q(upq,2) is an associate of λp (note that p( j − 1) − q is relatively prime
to pq, since 2 j  q − 2). Thus i 	= p − 1. Therefore 2 i  p − 2.
The remaining part is obtained by exchanging p and q. 
Corollary 1. Let p be a prime number  5. For any prime number l dividing Np(λ3p − 1) = N3(λp3 − 1), we
have l ≡ 1 (mod 3p), and there exists a unique prime ideal l of O p (resp. l′ of O 3) dividing l and 1− λ3p (resp.
dividing l and 1− λp3 ).
Proof. The congruence l ≡ 1 (mod 3p) was proved in Corollary 1 to Proposition 8. The existence of
l (resp. l′) results from Lemma 2, and its uniqueness follows from Proposition 10, since p  5 and
q = 3 are distinct odd primes and there are no integers 2 j  q− 2, so that l and 1−λ3p (resp. l and
1− λp3 ) cannot have more than one prime ideal divisor in O p (resp. O 3).
Note that the uniqueness of l′ was also proved in the corollary following Remark 8. 
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Np
(
λ3p − 1
)= N3(λp3 − 1)=
r∏
i=1
lhii
be the rational prime factorization of the norm, where l1, . . . , lr are distinct prime numbers and h1, . . . ,hr are
positive integers. Then, for every 1 i  r, there exists a unique prime ideal li of O p (resp. l′i of O 3) dividing li
and 1− λ3p (resp. dividing li and 1− λp3 ), and we have the similar prime ideal factorizations
(
1− λ3p
)
O p =
r∏
i=1
l
hi
i ,
(
1− λp3
)
O 3 =
r∏
i=1
l′hii .
Proof. The existence and uniqueness, for every i, of the prime ideal li (resp. l′i), and the fact that the
common order of every li modulo p and modulo q is f i = 1 all follow from the previous corollary.
The prime ideal factorizations of (1−λ3p)O p and (1−λp3 )O 3 follow from Theorem 6, since for every i,
we have mi = hi and li,1 = · · · = li,mi = li , as the only prime ideal of O p dividing 1 − λ3p and li is li ,
and similarly l′i,1 = · · · = l′i,mi = l′i . 
Examples. By Remark 3, for any positive integers m, n and any c ∈ Z, the norm Nm(φn(c − ζm)) can
be expressed as the resultant of two polynomials, namely
Nm
(
φn(c − ζm)
)= Nn(φm(c − ζn))= R(φm(X),φn(c − X))= R(φn(X),φm(c − X)).
In particular, in view of Proposition 2, for any prime numbers p, q,
Np
(
λ
q
p − 1
)= Nq(λpq − 1)= R(φp(X),φq(1− X))= R(φq(X),φp(1− X)).
Using these expressions, and the PARI/GP calculator, we computed Np(λ
q
p −1) for 218 pairs of distinct
primes (p,q) such that 3 p  53 and 2 q  M(p), where M(p) is an upper bound depending on
the diﬃculty of factoring some large numbers obtained as norms. Thus M(3) = 173, M(5) = 127,
M(7) = 101, M(11) = 73, M(13) = 67, M(17) = M(19) = 31, M(23) = 37, M(29) = M(31) = 23,
M(37) = 13, M(41) = 19, M(43) = 13, M(47) = 23, and M(53) = 19.
All but three of the resulting values of Np(λ
q
p − 1) were found to be square-free, i.e. to satisfy
Np(λ
q
p − 1) =
∏r
i=1 li , where l1, . . . , lr are distinct prime numbers. This implies, by Corollary 2 to
Proposition 7, that li ≡ 1 (mod pq) for 1  i  r, and, by Theorem 6, that for every i, there exists a
unique prime ideal li of O p (resp. l′i of Oq) dividing li and 1− λqp (resp. dividing li and 1 − λpq ), and
we have the prime ideal factorization (1− λqp)O p =
∏r
i=1 li (resp. (1− λpq )Oq =
∏r
i=1 l′i), since in the
notations of Theorem 6, f i =mi = hi = 1 for 1 i  r.
The exceptions are N5(λ435 − 1) which has the factor 4312, and N11(λ3111 − 1) which has the
factor 6832, and N13(λ6713 − 1) which has the factor 52272. However, in all these exceptions, as
in the square-free cases, the prime factors of Np(λ
q
p − 1) are all ≡ 1 (mod pq). Moreover, in the
ﬁrst exception, we found the prime ideal factorization of (1 − λ435 )O 5 in O 5 and of (1 − λ543)O 43
in O 43. Indeed, N5(λ435 − 1) = N43(λ543 − 1) = l21l2l3, where l1 = 431, l2 = 462563041 and l3 =
13254765131080801 are prime numbers ≡ 1 (mod 5 × 43). Then (1 − λ435 )O 5 = l1,1l1,2l2l3, where
l1,1 = l1O 5 + (26 + ζ5)O 5 and l1,2 = l1O 5 + (−95 + ζ5)O 5 are distinct, conjugate prime ideals
of O 5, the only ones dividing l1 and 1 − λ435 , i.e. satisfying l1O 5 + (1 − λ435 )O 5 = l1,1l1,2, while
l2 = l2O 5 + (1− λ435 )O 5 = l2O 5 + (131372863 + ζ5)O 5 is the only prime ideal of O 5 dividing l2 and
C. Helou / Journal of Number Theory 130 (2010) 1854–1875 18751− λ435 , and l3 = l3O 5 + (1− λ435 )O 5 = l3O 5 + (−350923649 835305+ ζ5)O 5 is the only prime ideal
of O 5 dividing l3 and 1−λ435 . Similarly, (1−λ543)O 43 = l′1,1l′1,2l′2l′3, where l′1,1 = l1O 43+(−27+ζ43)O 43
and l′1,2 = l1O 43 + (94 + ζ43)O 43 are distinct, conjugate prime ideals of O 43, the only ones divid-
ing l1 and 1 − λ543, i.e. satisfying l1O 43 + (1 − λ543)O 43 = l′1,1l′1,2, while l′2 = l2O 43 + (1 − λ543)O 43 =
l2O 43 + (−131372864 + ζ43)O 43 is the only prime ideal of O 43 dividing l2 and 1 − λ543, and
l′3 = l3O 43 + (1 − λ543)O 43 = l3O 43 + (350923649835304 + ζ43)O 43 is the only prime ideal of O 43
dividing l3 and 1− λ543.
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